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SOME NEW INEQUALITIES FOR TRIGONOMETRIC 
FUNCTIONS AND CORRESPONDING ONES FOR MEANS 

ZHEN-HANG YANG 
Abstract. In this paper, the versions of trigonometric functions of certain 



inequahties for means are presented. 



O , 1 known inequahties for hyperbohc ones are proved, and then corresponding 



1. Introduction 

We begin with the fohowing lemma. 

Lemma 1. Let M (x,y) be a homogeneous mean of positive arguments x and y. 
Then 

where t = i In {x/y). 



Using this lemma, almost all of inequalities for homogeneous symmetric bivariate 
means can be transformed equivalently into the corresponding ones for hyperbolic 
O^ ■ functions and vice versa. More specifically, let L(x,y), I{x,y) and Ar{x,y) denote 

^^3 ' the logarithmic, identric and r-order power means of two positive real numbers x 

m , and y with x ^ y defined by 

O' L = L{x,y)= , f , I = I{x,y)=e-^ - 

Cn ' In a: — In y \ 2/^ , 

Ar = Ar{x,y) = i I lir :=^0 andG = Ao{x,y) = y/xy, 



p\ . respectively. Then we have 

_C^_: i(e*,e-*) = si!^, /(e*,e-*) -e*™"^*-\ A^ (e*, e"*) = cosh^/^pi, G (e*, e"*) = 1, 

where t — ^ \n{x/y) > 0. And then, by Lemma (TJ we can obtain some inequalities 
for hyperbolic functions from certain known ones for means mentioned previously. 
Here are some examples: 

(1.1) (cosh-J < e*"°*^*-i <(cosh(tln2))'/'"' (see [27], [20]) 
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^2/3 < / < \/8e M2/3 => 

(1.2) (cosh^") < e*™*''*-i < V8e-i ("cosh^") (see [30]) 



(1.3) VIG<L< ^^ ^gtcotht-i ^ < ^ (see [1]), 



(1.4) /> _;^=^e*=°''>*-i > ^ (see [21]) 



i+/ A+G 



fJG < VI7<^^< 



2 2 

(1.5) Vcoshi < ^SH^e*^°tht~< ^^^+e'^ ^^;^^^ ^ cosht+1 (gegj^) 

aA+(l-a)G < /</3A+(l-/3)G=^ 

(1.6) acosht+(l-a) < e*™"'*-^ < ;3cosht + (1 - /3) (see [3]) 

hold if and only if a < 2/3 and ^ > 2/e. 

(1.7) (fcoshPt+i)'/'' < e*™*''*-i<(|cosh«t+i)'/'' (see [HI) 

hold if and only if p < 6/5 and q > (log 3 — log 2) / (1 — log 2). 

The aim of this paper is to give the versions of trigonometric functions listed 
above and others. The rest of this paper is organized as follows. In Section 2, 
we give some useful lemmas. Main results are contained in Section 3. In the last 
section, some inequalities for means corresponding to main results are given. 

2. Lemmas 

Lemma 2 (|28|. [1]). Let f,g : [a,b] — > M fee two continuous functions which are 
dijferentiable on (a, &). Further, let g' ^ Q on (a, 6). If f / g' is increasing (or 
decreasing) on {a,b), then so are the functions 

t^^f;-^S and t^l^^l^. 

Lemma 3 (l5j). Let a„ and bn {n = 0,1,2,...) be real numbers and let the power 
series A (t) = X^^i ^nt^ '^'^'^ ^ (0 = J2'^=i ^"^" ^^ convergent for \t\ < R. //6„ > 
forn = 0, 1, 2, ..., and a„/6„ is strictly increasing (or decreasing) forn — 0, 1, 2, ..., 
then the function A (t) / B (t) is strictly increasing (or decreasing) on (0, R). 
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Lemma 4 ([HI pp.227-229]). We h 



ave 



°° 22" -2, 



1 1 _ 

n— 1 ^ ^ 

(2.2) coti = __^__|S2„|t2"-\ |i|<7r, 



n— 1 ^ ^ 
)2n _ 

12^ 



°° 02" — 1 

(2.3) tani = ^ ___22"|B2„|i2n-i^ |t| < ^2, 

n=l 

n— 1 ^ ^ 

where _B„ is the Bernoulli number. 

Lemma 5. For every t € (0, 7r/2), p G (0, 1], the function Fp defined by 

, , t cot i — 1 



Incospt 

is increasing if p G (0,1/2] and decreasing if p E [vlO/5, 1]. Consequently, for 
p £ (0, 1/2] we have 

, , 2 t cot < - 1 1 

(2-5) :^ < ^—— < 



3p2 Incospt ln(cos (7rp/2)) 

It is reversed if p E [ylO/S, 1]. 

Proof. For t G (0,7r/2), we define /i (t) — tcott — 1 and /2 (i) = In (cos pi), where 
p e (0, 1]. Note that /i (0+) = /2 (0+) = 0, then Fp (t) can be written as 

p .,^ „ /i (t) - h (0+) 
^^^"/2(i)-/2(0+)- 

Differentiation and using (|2.ip and (|2.2I) yield 

/iW _ ^-coti_<^+i:-..^^^^^ii^..i*--)-(l-E-..^iB.„it— ) 



/^(t) ptanpi E~=i ^^2=^"p'"-MB2„|f 



i:r=i(i;r^2n|i32„|t2"-i ._Er=i«n^ 



oo i2n-l 



(2«) 

where 



v^oo 22"-l o2rtTi2"l R- |f2n-l ' V°° ft +2n-l 
Z^n=l (2n)! ^ P \^2n\t Z^n=l ""' 



22" 22" - 1 



«"= (^2^1^-1' ^"-72^2"^"l^-l- 

Clearly, if the monotonicity of a„/6„ is proved, then by Lemma [3] it is deduced the 
monotonicity of /1//2, and then the monotonicity of the function Fp easily follows 
from Lemma [2] For this purpose, since a„, 6„ > for n G N, we only need to show 
that hnjo-n is decreasing if < p < l/-\/5 and increasing if 1/2 < p < 1. Indeed, 
elementary computation yields 

h±L _^ ^ ^ „2"+2 (22«+2 _l\_ ± 2n ^22" _ ^^ 

a„+i an 2n + 2 ^ ' 2n ^ ' 

4"+' - 1 2n ^ 2 n + 1 4" - 1 



-p p 



2n + 2 ^ V n 4"+i - 1 
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It is easy to obtain that for n E N 



a„+i a„ I < ifp2 < min„e" ''"+1 *"-^ ^-^ 



5' 

4" + i-l j ~ 4' 

which proves the monotonicity of a„/bn. 

By the monotonicity of the function Fp and the facts that 

Fp (0+) = -^ and Fp ( ^] = ] -— , 

^ ^ '^ 3p2 V 2 / In (cos (7rp/2)) ' 

the inequahties p.Sp and its reverse follow immediately. D 

Lemma 6. For every t G (0,7r/2), p e (0, 1], the function Gp defined by 

In^i^+tcott- 1 



Gp{t) 



t 



Incospt 



is increasing if p £ (0,1/2] and decreasing if p E [l/v3, 1]. Consequently, for 
p G (0, 1/2] we have 

, , 1 ln2illhi+tcott-l In2-ln7r-l 

(2.6) < - < . 

p2 Incospi In (cos (7rp/2)) 

It is reversed if p G [l/vS, 1]- 

Proof We define 51 (i) = In^i^+tcoti-l and 52 (i) = In (cos pt), where p G (0,1]. 
Note that gi (0+) = 32 (0+) = 0, then Gp (t) can be written as 

^ ,,^_ gl(t)"gl(0+) 
^^^~52(t)-52(0+)- 

Differentiation and using (|2.1D and (|2.2p yield 

cos t 1 J. 1 



9'iit) ^Ti-i-t-, 



sin^ 



g2 {t) — plant 

^( 1 v^oo 2£"|o |,2n-l\ 1 t/' 1 J_\^=° (2.1-1)2^" , p ,2 



pE~=i ^^^22"|B2„|p2— 1*2—1 



72^ 

^oo 2^" /o„ , IMP, |+2n-l 



E„^i(i;r^(2n + i)|i?2„|^^"-^ ^Sifiifri 



(2")! 

where 

o2n o2n i 

->2n^2n l 



2^" , , , , 2^" - 1 



-n - ^^ (2n + 1) \B2nl dn - 7^;^2>^"|i?2n|. 

Similarly, we only need to show that (i„/c„ is decreasing if < p < l/v5 and 
increasing if 1/2 < p < 1. Indeed, elementary computation yields 

Cn+1 c„ 2n + 3 2n + l 

4"+i - 1 2n /^ 2 2n + 3 4" - 1 



-P P 



2n + 3 V 2n + 1 4"+i - 1 
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It is easy to obtain that for n E N 

which proves the monotonicity of Cn/dn- 

By the monotonicity of the function Fp and the facts that 

„ / I ^ 1 , „ /tt^X ln2 — InTT — 1 

Fp (0 ) = — and Fp 



1 

3' 

1 

4' 



p2 \2 J hi(cos(7rp/2))' 

the inequahties (|2.6p and its reverse follow immediately. D 



Lemma 7 ([3T]. [13]). Forte [0,7r/2] and p £ [0,1), let Up {t) andVp{t) be defined 
by 

Up (t) = (cos pi) ^/^ «/p 7^ and Uq {t) = l, 

Vp (t) = (cospi)^/^' i/p 7^ and Vq (t) = e"*'/^ 

Then both Up (t) and Vp (i) are decreasing with p on [0, 1). 

3. Main results 
Theorem 1. Fort E (0, 7r/2), the two-side inequality 

(3.1) G°'f) <e''°"-^<{cospitfP' 



with the best constants 2/3 and pi « 0.6505, where pi is the unique root of equation 

(3.2) 1 + i In fcos ^) = 

p V 2 / 

on (0, 1). Moreover we have 

(3.3) cos— < e*™**~^< cos— < -^ cos ■ 



Sy V 3/ e V 3 

(3.4) (cospii)'/^'''') < e*™**-i < (cospit)'/^\ 

where the exponents 3/2 anrf l/ln2 m iS. S^) are the best constants, and pi w 0.6505 

in ^3.4\ ) is also the best. 

Proof, (i) We first prove the first inequality in (13.11) holds for t E (0, 7r/2) and 2/3 is 
the best constant. Letting p = 2/3 E [\/l0/5, 1] in p.Sp yields the first one in p.ip 
and the second one in p.3p . If there is a p < 2/3 such that e*™**"^ > (cos pi) 
holds for t E (0, 7r/2), then we have 

t cot t — 1 — i In (cos pt) 
lim J^— — > 0. 

t-yO+ t^ 

Using power series extension gives 

icott- 1- -ln(cospi) = i^ ( -p - - ) + O (f^) , 
p V2 3/ ' ' 



and therefore. 



icott — 1 — iln(cospt) 1 / 2' 

liin -J^ = o U " Q ) > '^' 

t-i.o+ i^ 2 V 3 , 
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which yields a contradiction. Hence, 2/3 is the best possible. 

(ii) By Lemma [71 it is seen that the function p i-> 1 + Mn (cos ^) is decreasing 
on (0, 1), which together with the facts that 

lim I 1 H — In ( cos — I I == 1 and lim | 1 H — In ( cos — ) I = — oo 
p-^o+ \ P V 2 // p^i- \ p V 2 // 

reveals that the equation (|3.2p has a unique root pi e (0, 1). Numerical calculation 
gives pi sa 0.6505. Letting p = pi e [\/T0/5, 1] in Lemma [5] yields 

1 i cot f - 1 2 

< ^-, ^ < 



ln(cos(7rpi/2)) " In(cospit) " 3pl' 

The first inequality above can be reduced as 

2 11 

-— ij In (cosBii) < tcott — 1 < — - — ; JTTTT In (cospii) = — In (cos»it) , 

3pi ln(cos(7rpi/2)) pi 

that is, the second one in (|3.ip and the first one in (|3.4[) . where the equality is due 

to that pi is the unique root of equation (|3.2[) . It is clear that pi is the best. 

(iii) It remains to prove the third one in p.3|) . To this end, it suffices to check 

that 

1 / 2A 2V2 3 / 2i\ ^ 

m cos — — in in cos — < 0. 

ln2V3y e 2 \ 3j 

Since In (cos y) > In (cos ^) = ln2, the left-hand side is less than 

1 ln2-ln-^ = 2-31n2 < 0, 

In 2 2/ e 

which proves the desired inequality. 

This completes the proof. D 

Yang has shown in [32] that the inequalities 

(cospi)'/^< — <(cosgi)'/« 

hold for t e (0,7r/2) if and only if p G [po, 1) and q G (0, 1/3], where po w 0.3473. 
Hence, we have 

/n r\ J. f ^\ f ^\i/po sini , J. 3 2-l-cost 
(3.5) cost < I cos- I < (cospoi) < < (cos |) < . 

On the other hand, utilizing Theorem [1] and Lemma [7| we derive 

cost<(cos — ) <(cos— I < e*™'*~^ < (cospit)^^^' < ( cos- j <(cos-j < 1, 

which in combination with (13.5^ leads to the following 

Corollary 1. Fort e (0,7r/2), the chain of inequalities hold: 
(3.6) 

3t\4/3 ^ ^„_ 2tA3/2 ^ ^tcott-1 ^ /_, n^ ^ ^m i 

t 



cost < (cosf )'/' < (cosf )'/' < e*^°**-i < (cos|)' < ^^ < (cosf)' < 



By Lemma [5| and Lemma [7| we also have 



SOME NEW INEQUALITIES FOR TRIGONOMETRIC FUNCTIONS 

Theorem 2. Fort E (0,7r/2), the two-side inequality 

(3.7) (cospt)'/('P') < e*^°'*-i < (cosgi)'^^'''^ 



holds ifp e [VIO/S, 1] and q G (0, 1/2]. 

In particular, letting p — 2/3, q = 1/2, 1/3, 0+, we have 

(3.8) (cos I) <e*™"-i< (cos^") < ("cos ^"j < e-*'/^. 
Taking p ~ 1/2 m i [i?. 5|) Zeads to 

/ ,x2/l„2 . ^8/3 

(3.9) fcos|j <e*™**-^< fcos| 

where the exponents 2/ In 2 and 8/3 are the best possible. 

Replacing t, p, q by i/2, 2p, 2g in Theorem [5] and next taking squares, we get 
Corollary 2. Fort G (0,7r), i/ie two-side inequality 

(3.10) (cospi)^/(^^') < e*-*(*/2)-2 < (cos qtf^"'') 

holds if p G [1/vlO, 1/2] and q £ (0, 1/4]. Moreover, we have 

/ ^ 1/3 / ,xi6/3 / ^ 12 

(3.11) (cos|j < e*™'(*/2)-2< / QgM <('=°4) <e'*^'' 

/ ^\4/ln2 / ,xl6/3 

(3.12) f COS ^j < e*™*(*/2)-2^ f^^gt 

Theorem 3. Fort e (0,7r/2), we have 

2 1 / 2t^^^^ 

(3.13) cos^/^t < -cosi+-< cos — 

/ iX"*/'"^ sint 2cos|+cos2| /2 i 1\^ ^t 

(3.14)(^cos-j < — < ^- -<(3Cos- + -j <cos3-. 

Proof, (i) The firs inequality in p.l3p is from the basic inequality. To prove the 
second one in p. 131) . we define 

/(t)=(^3cost+-j(^cos- 

Diflferentiation and simplifying leads to 

2 / 2t\'^^^ f . t\ f t 



nt) = -- [cos -^ ^sin-j^l-cos-j<0. 

Therefore we have / (i) < / (0) = 1, which proves p.l3p . 

(ii) Now we prove p.l4p . The first and second ones are due to Neuman and 
Sandor [17l (2.5)]. The third one easily follows from 

2cos|+cos2| /2 t iV 1 / t V 

2 2_ _^Qg__^_ ^ COS--1 < 0. 



3 \3 2 3J 9 V 2 

Replacing 2f by t and taking square values in the second one of (|3.13p yields that 
the fourth one holds for t S (0, tt). 

Thus the proof is complete. D 
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Taking square roots for each sides in p.l3p and the first and second inequahties 
of dSU, we get 



1/3 / . / 2 ^„„ + , 1 ^ (^^, 2t\3/4 /^tcott-1 / /^^e t ^''/^ 



(cost)'/-^ < y'|cost+i < (cosf) ' < Ve*<=°t*-i < (cos^^ . 

This in combination with (I3.14p . p. Ill) and 

_j2,g 2 + cost 
e ' < ^ for t e (0, oo) 

proved in [311 Theorem 2] , [5S] leads to the following interesting chain of inequalities 
for trigonometric functions. 

Corollary 3. For t G (0, 7r/2), we have 

{i.lblcostf^ < y'fcosi+l < (cos ff^^ < Ve*™t*-i < 

/ fs4/3 sini 2cos|+cos^| ,„ , ,-2 
(cos|) ' < ^< ^— ^<(|cos| + i) < 

(cos I)' < e* ™* 5-2 < (cos !)''/'< (cos I) ''<e'*'/6^f + icost. 
The fourth and fifth inequalities in p.l5p implies that for t e (0, tt/2), 

(3.16) e*™**-i<(cos|)'/'< l"^' 

Further, we have 

Corollary 4. Fort E (0,7r/2), we have 

7r2 /sinA^ /sinA^/^'"''-'"^^ / A^^'"^ 

2 



. J. 8/3 /sin<\ 2^"/^ . J. 8/3 



0111 L n 1 

(3.18) — ;— < | + icosi< 



sini ,1 , e*™'*-i + 1 

^'"* ' cosi 



(3.19) gtcott-l ^ 2^ost+i>-^— . 

Proof, (i) We first prove p.l7p . To obtain the first inequality in (I3.17p . it is enough 
to check that 

1 , sinf /, TT^ „, sinA 

In In — + 2 In > 



In7r-ln2 t \ ie t 

Using Jordan inequality (sint) /t > 2/7r for t £ (0,7r/2) we see that the left-hand 
side above is greater than 

' -2Vn^-ln^.O, 



In TT — In 2 / TT 4e 

which proves the first one. 

Using the known inequalities that for x G (0, tt/2) 

/ a;\4/3 sinx / a;\ 2(ln^-ln2)/ln2 

(3.20) (cos-) <^<(cos-) 

proved in [TB] by Lv et al. gives the second and fifth ones. 
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The third and fourth ones are p.l2|) . While the last one is the right-hand side 
oneingU (3.15)], M- 

(ii) Now we prove f p.lSp ). The first inequality in (I3.18|) has proven previously, 
while the second one is obtained from the last two ones in (j3.6p . that is, the well- 
known Cusa's inequality. The third one is equivalent to 

(3.21) |cost-fi<e*™**-\ 

which easily follows from the second and third ones in (|3.15l) . 

(iii) We show p.l9p at last. The first inequality is p.2ip . while the second 
one is equivalent to the second one in p. 181) , which proves p.l9p and the proof is 
completed. D 

By Lemma ini we have 

Theorem 4. For t e (0, 7r/2), the two-side inequality 



1/(2P^) ^ J^jIll^^r.(trntt-^\ <r (cn^nf)^K^l' 



(3.22) (cospt)'^'^ ) < \ exp(tcott-l) < {cos qt) 

holds if p E [l/v3, 1] and q G (0, 1/2]. Moreover, we have 



(3.23) \/--cos^- < cos^ - < W exp(icotf- 1) < cos^ -, 

Tre 2 2 V t 2 



(3.24) cos^/2^ < W exp(icoti- 1) < cos^-p, 

/„ ^ N / sint , ,, oi 

(3.25) Vcost < \ exp(tcoti- 1) < cos - 

where the exponents 

P = 1^1ZL_1^ « 2.0942, 2 and 3/2, , = -^ff^^ « 1.4990 
In 2 21n(cos^) 

are the best constants. 

Proof, (i) The first result in this theorem is a direct consequence of Lemma |6l 

(ii) Letting p = 1/2 g (0, 1/2] in (|2.6p yields the second and third inequalities in 
p.23p . To show the first one, it suffices to check that 

18 ^, t In7r-ln2 + l t ^ 

- m h 2 m cos m cos - < 0. 

2 7re 2 ln2 2 

Since In cos ^ > In cos ^■ = — -i ln2, the left-hand side is less than 

1,8 / In7r-ln2 + l\ 1 , „ „ 

- In 2 In 2 = 0, 

2 7re V In 2 / 2 

which proves (|3.23p . 

(iii) Letting p = 1/V3 G [1/a/3, 1] in dH]) yields ({3:24)) . 

(iv) Taking p = 1 and g = 1/2 in (13^221) gives (|3?25|) . 

This proves the desired results. D 

Remark 1. From the second inequality in 113. 25\) in conjunction with 113.16]} it is 
seen that 

sini tcott-iV^^ ^ /„, t\4/3 ^ sini 



V^I^STT^ < ( ^_^^tcott-i I < (^^g 1)4/. ^ 
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Theorem 5. Fort e (0,7r/2), we have 
(3.26) 

2il^^tcott-l^sint i_^cOSt srat+gtcott-1 „ , 1 + COS t 

-^ 2 -<^^<^-2 <(^"' + i)^^- 

Proof, (i) We first prove the first and second inequalities in p.26p . For this purpose, 
let us define 

, ^ , , , / sint^ 
5 (i) = (t cot < - 1) - In 1 + cos t 

Differentiating g (t) gives 

, t — sin t 

^ (*) = t(t-sint + icost)^^ (') ' 

where 

, , cos t + 1 9 t 

^^ sin^t smt 

Using double angle formula and Lemma |4] we have 

t^ t 



n— 1 ^ ^ 

Hence, g' (i) > for i e (0, 7r/2), and so 



= lim g [t) < g (t) < hm g (t) = In ■ 



TT 



t^o+ -^ ^ ^ -^ ^ ^ t^7r/2- -^ ^ ^ e (tt - 2) ' 

which implies the desired inequalities. 

(ii) Now we prove the second and third ones by defining 



sint I t cot t— 1 



1 + cos t 
Differentiation leads to 

^ ^ -(cos^ + l)ft-sint) ^^^^tt_^ ^ (cos^+l)(t-sinO 

(sin^i) (cosi+1)^ t2(cosi+l)^ 

t-sint /sin^t ^tcott-i 



(sin^i) (cosi+1)^ V t^ 

It is obtained bv 13.161 that h' (t) > for t e (0, 7r/2), and therefore, we conclude 

that 

2 
1 = lim /i (i) <h{t) < lim /i (t) = e"^ + -, 

i-i-0+ t->7r/2- TT 

which deduces the second and third ones in ( p.26p . D 

Remark 2. In the same way as part two of Theorem\B[ we can prove a new two-side 
inequality for hyperbolic functions: 

1 , u J- sinht I t cosh t _ ^ 

1 + cosh t — ; h e ="nh t 

< — ^ z < 



nil -^ t cosh t 
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In fact, we define 

^ ' 1 + coshf 

Differentiation and simplifying give us 

, , , , sinht — t / J cosh t 1 sinh t , 

k' (t = ^ 2- e*^T^~i ^ < 0, 

^' (cosht+l)sinh^t V t^ 



where the inequality holds is due to the first one in il.3\) and sinht > t for t > 0. 
It follows that 

2e~^ = lim k{t) <k (t) < lim k (t) = 1, 

which is desired inequality. Clearly, this method is simpler than Alzer's, and our 
result is also more nice. 

Employing inequalities (|3.25p and (j3.26p , we immediately the trigonometric ver- 
sion of (|1.5p . 

Corollary 5. For t € (0,7r/2), we have 

I /sini ,,„t,_iV/' 1 + cosf sial+e*™"-i (_^ 2\l + cost 

Lastly, we give the trigonometric versions of (|1.6I) and (11.71) . 

Theorem 6. Let t g (0, 7r/2). Then 

(i) if p > 6/5, then the two-side inequality 

(3.27) a cosP t + {1 - a) < e^^* ™' *-^' < /3 cos?' t + (1 - /3) 

holds if and only if a > (1 — e^^) ariii /3 < 2/3; 

(a) tfO<p<l, then (MT^ holds if and only if a> 2/3 and /3 < (1 - 6"^); 
('mj if p < 0, then {3.2'T^ holds if and only if a < and j3 > 2/3; 
(iv) the double inequality 

(3.28) Mp (cost, 1; |) < e*™**"^ < Mg (cost, |) 

holds if and only if p < In 3 and q > 6/5, where Mp{x,y;w) (w £ (0, l)j is the 
weighted power mean of order r of positive x and y defined by 

(3.29) Mr{x,y-w) = {wx'' + {l-w)y-')^''' if r ^ and Mo{x,y;w) = x'^y^''" 
Proof. For t G (0, 7r/2) and p 7^ 0, we define 

I _^p{t cot t^l) ^^^^ 

u it) = — := -^. 

^ ' 1 - COSP t U2 (t) 

Since mi (0+) = U2 (0+) = 0, u (t) can be written as 

(3.30) ui(t)-u,(0+) 

^ ^ ^ ^ U2 (t) - U2 (0+) 

Differentiation gives 

' l+\ „pft cot t— 1) t — COS tsint 

(3.31) Wiitl^^ ^ fi"^* :^U3(t), 

^ ^ M'2(t) cosP-iisini "^ ^ ^ ' 

^o oo^ / ^J-^ eP(tcott^i) p(tcott-i) / u^{t)\ 

(3.32) U3 (i) = ^„.,,„,p, (p X U4 {t) ~ U5 (t)) = L.tcosPt "4 (i) (^P - ^^ j , 
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where 

U4 (t) — —t^ cos t sin^ t ~ t^ cos^ t + t cos'^ t sin t + t cos^ t sin t + t sin"^ t — cos t sin^ t, 

W5 (t) — i (3cos^ isint + sin'^i) — Scosisin^ t. 

Clearly, if we prove Ug {t) > if p > 6/5 and M3 (i) < if p < 1 with p 7^ 0, then by 
Leinnia[2]we see that u is increasing if p > 6/5 and decreasing if p < 1 with p 7^ 0. 
And then, we can derive that 

X _ gP(tcott-l) 

I = lim u(t) < u (t) = < lim u (t) ^ I - e~P for p > 6/5, 

3 t^0+ ^^ ^^ 1-COSPi t^7r/2- ^- / ' 

I — gP(tcot t-1) 

1 - e^P = hm u(t) < u (t) = < lim m (i) = | for < p < 1, 

t^V2- 1-COSPi t^0+ ^^3 ^- ' 

I _ gP(tcot t-1) 

= hm u (t) < u(t) = < lim m (i) = | for p < 0, 

t-,^/2- ^' ^' 1-COSPt t^0+ ^' ^ ^ 

which yield the first, second and third results in this theorem. 

Now we will show that Wg (t) > if p > 6/5 and U3 (t) < if p < 1 with p 7^ 0. 
Simplifying yields 

U4 (t) = (sin t — t cos t) {t — cos t sin i) > 

for t e (0, 7r/2). Using (|2.2p - (|2.4p and simphfying we have 



COS t sin t sint cost ^ (2n)! 

n— 1 ^ ^ 

u^it) ^ cost o 1 sint v^/.„ ^ ^N 2 



= 2i^--f^-^+i ^-1= \ (4«-2n-2)— -|B2„|t 



2n 



cosisin^t sini sin^ i cosi ^ (2n)! ' 

and then, we get 

"4 (i) Er=i (4" - 2n - 2) (1^ |i?2„ 1^2" ■ EZ2 ^ni'" ■ 

By Lemma 131 in order to prove the monotonicity of 1*5 (t) /U4 (t), it suffices to 
determine the monotonicity of a„/6„. We have 

a„ 4" -4 , , 

— — := an). 

bn 4" - 2n - 2 ^ ' 

Differentiating c{x) we get 

^ 4-((a:~l)ln4-l) + 4 ^^ 
c a;) = —2 7j < 

(4^ - 2j; - 2) 

for X > 2. Then i 1— > M5 (i) /U4 (t) is decreasing on (0, 7r/2), and we conclude that 

1 ,. U5{t) u^jt) Ms ft) 6 
1 = hm — - < -— < hm -— = -. 

t->7r/2- U4 (t) U4 (t) t->0+ U4 [t) 5 

Thus, ujj (t) > if p > 6/5 and ujj (i) < if p < 1 with p 7^ 0. 

At last, we prove the fourth result. The first one implies that the right-hand 
side inequality in (|3.28p holds if q > 6/5. While the necessity is obtained from the 
following limit relation: 

icoti - 1 - In Ma (coatA; |) 
lim —^ '-^^ < 0. 
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Expanding in power series leads to 

tcott- l-lnMg(cost, 1;|) = -— (q- t) t^ + O (t^) . 

It is deduced that q > 6/5. 

We now prove the left-hand side inequality holds if and only ii p < In 3. The 
necessity easily follows from 

hm (icott-l-lnM„(cosi,l;|)) = ( "^+P^''^ t^ ^ ^' > 0. 

t^w/2- ^ ■^" [_ CO ltp<0 

Next we deal with the sufficiency. We distinguish two cases. 

Case 1: p < 1. By the second and third results proved previously, the sufficiency 
is immediate in this case. 

Case 2: p S (l,ln3]. As shown previously, the functions t i— > U5 (t) /m4 (t) is 
decreasing on (0,7r/2), and so the function t H> [p — u^{t) /ui{t)) :— UQ{t) is 
increasing on the same interval. This together with the facts that 

U6 (0+) =p- - <0 and U6 (f ") =p-l>0 


indicates that there is a unique to G (0, 7r/2) such that ug (t) < for i e (0, to) and 

uq (t) > for t G (to, 7r/2), which by (I3.32p in turn reveals that U3 is decreasing on 

(0,io) a-iid increasing on (to,Tr/2). From Lemma[2]it is seen that u is decreasing on 

(0,io), and so we have 

I — gP(tcott-l) 2 

u(to) <u(t) = < u(0+) = - for t e (0,io], 

V u^ - w i-cosPt ^ ^ 3 ^ ' 

which can be changed into 

(3.33) gP(tcott-i) > 2 ^^p^^ 1 ^^^ ^ ^ ^^^^^j^ 

o o 

On the other hand, Lemma [21 also implies that 

ui(t)-ui(f")_eP(*™**-i)-e-P _ 

t ^ ^ ^ - — - '. — V {t) 

U2{t)-U2{^-) COSPt 

is increasing on (io, 7''/2), and therefore, we get 

gP(tcott-l) _ p-p pp(to cotto-1) _ p-P 

which implies that 

pP(to cotto-l) _ -p 

(3.34) gP(tcott-i) ^ cosP t + e-" for t e (to,n/2). 

COSP to 

Clearly, if we prove the right-hand side in p. 341) is also greater than the one in 
p.33p . then the proof will be complete. Since to satisfies (|3.33p . for t £ (to,7r/2), 
we have 

COSP to COSP to 

2 „^ 1 / „ 1\ cosPto-cosPt 2 „^ 1 
= - cos^ < H he P - - > - cos^ t + -, 

3 3 V 3/ cosPto ~ 3 3' 

where the last inequality holds is due to p G (1, In 3] and t e {to,n/2). 

Thus the proof is finished. D 



" (^) = ^7 > ^7 f""" * ^ (*o, 7r/2) , 

COSP t COSP to 
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4. The corresponding inequalities for means 

For a,b > with a y^ b, let L, Q, A, G, P and T stand for the logarithmic,, 
quadratic,, arithmetic, geometric, the first and second means [23], [H] of a and b 
defined by 



Q = Q(a,&) = y^2^, A^A{a,b)^^, G ^ G {a,b) = ^/ab, 
P = P{a,b)= ^ °7V. , T = T{a,b)^ ^ °'\_, , 

^ ^ 2 arcsm ^^-^ ^ ' -' 2 arctan -^-r-r 

respectively. Very recently, Sandor present a new mean in }22j defined as 

(4.1) X^X{a,b)^Ae'^/^~\ 

where A, G, P are the arithmetic, geometric and the first Seiffcrt means as defined 
previously. In what follows, we also can encounter other three functions defined by 

(4.2) B = B {a,b) ^ Qe^/^-^ 

(4.3) J = J(a,6)=Ae(-4+G)/^-2^ 

(4.4) K = 7^(a,&) = Qe(Q+^)/^-^ 

where Q, A, T are the quadratic, arithmetic and the second Seiffert means, respec- 
tively. They will be showed to be means of a and b in the sequel. 

There has many inequalities for these means, we quote [TB], [H], [5], [7], [3], [ID], 
[n], [29], [33], [34], [35]. 

In order to obtain inequalities for these means corresponding to ones established 
in previous section, we need two variable substitutions: 
(i) Substitution 1: Letting t = arcsin ^^ yields 

(4.5) ^JIll ^ :^,cosi= ^,e*-**-i =e«/^-\e*™*(*/2)-2 = e(^+«)/^-2; 
(ii) Substitution 2: Letting t — arctan ^^ yields 

(4.6) !i!i! ^ Z.^cOSt = ^,e*^°**-l = eA/T-l^gtcot(t/2)-2 ^ ^(Q+A)/T-2^ 

For simplicity in expressions, however, we only select those functions composed by 
(sint)/i, cost, cos(t/2), cos(i/4) in a chain of inequalities given in previous section. 
For example, from Corollary [T] we get 

f „„t f 1 1 + cos t sin t 2 + cos t 
cost < 6*^=°** < < — — < . 

Using Substitution 1 and next multiplying all functions by A yield 

^ A (G A ^ A + G „ 2A + G 

(4.7) G'<Aexpf--lj =X<^— <P<^^— . 

Using Substitution 2 and next multiplying all functions by Q yield 

(4.8) ^<<3exp(^-l).B<0±i<^<H0±ii. 

The above two inequalities can be stated as a proposition. 

Proposition 1. For a,b > with a ^ b, both the inequalities {.j-T^ and {4--^ o.f^ 
true. 
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Remark 3. From l-j.^ it is easy to find that the function B defined by \4-'^ is 
indeed a mean of a and b, and is between A and Q. 

Inequalities p.9p can be changed into 

Proposition 2. For a,b > with a ^ b, both the two-side inequalities 

(4.9) f±^\''"'\i-i/lm ^ x<('^^y'A-^", 

,4.10) fO±iV""o.-./,». < b<(^±^)"'a-^" 



hold. 

Applying Substitutions 1 and 2 to p.l2p we have 
Proposition 3. For a,b > with a ^ b, both the two-side inequalities 
(■4jj^N / V2A+ VA+G \ ^^ '" ^ ^41-1/ In 2 ^ J ^ /V11+V2+g\^/^^-i/3 

are true. 



Remark 4. From OTTTl) and ^.12^ it is easy to see that the function J , K defined 
by ^4-'^ ? \4-4\ Oi^re indeed means of a and b, and satisfy the relations: G < J < A 
and A < K < Q. 

In the sequel, we only list a chain of inequalities for means deduced from Substi- 
tution 1, since another one can be clearly derived via replacing {G, A, P, X, J) by 
{A,Q,T,B,K). 

The chain of inequalities p.lSp can be changed into 

Proposition 4. For a, 6 > with a ^ b, the chain of inequalities 



(4.13)A'/'Gi/3 < ^|AG + iA2 < VAX < ^1/3 (d±G)2/3 

< P<'^'^^^^^±^<{^VATG+^,VT' 

8/3 



< J<A-"'[ -^'-^^ ) <lA.la 

Corollary |4] can be equivalently changed into 
Proposition 5. For a, 6 > with a^b, we have 

— P^ < 42-l/(ln7r-ln2)pl/(ln7r-ln2) _^ ^2-l/ln2 ('A+G\l/ln2 

XA < A'^^^^f <P^<^A'^^^f\ 

, — - 2A + G X + A 

4XA < ^<^<^- 

2G + A P + G 

X > > . 

3 2 

The following is obtained from p.23p and p.25p . 
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Proposition 6. For a, 6 > with a^b, we have 

2 < 

^AG < 

Theorem [S] implies tliat 
Proposition 7. For a,b > with a ^ b, we have 





e(7r-2) 



X + P A + G P + X 1 2\^ + G 



(4.14) ^^^ < ^ < ^ < (^" 

Corollary 6. Let a,b > with a^b. Then 



X ^f_, , 2\A + G 



2 2 V ^. 

Theorem. IH] can be restated in the following form. 

Proposition 8. Let a,b > with a ^ b. Then 
(i) if p > 6/5, then the two-side inequality 

(4.15) aGP + {l-a)A'' <X <l3GP + {l-p)AP 

holds if and only if a > (1 — e^P) and /3 < 2/3; 

('zzj if < p < 1, i/ien ^■15\ l holds if and only if a > 2/3 and /3 < (1 — e~^); 
('m^ if p < 0, then J^. J5[ ) /lo/ds ?/ and on/?/ if a < and /3 > 2/3; 
/wj i/ie double inequality 

(4.16) Mp (G, A; I) < X < M, (G, A; |) 

/lo/ds z/ and only if p < In 3 anrf q > 6/5, where Mp (x,y;w) is defined by i3.29\) . 
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